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Neutrino mixing in Quantum Field Theory (QFT)

Mixing relations for two Dirac fields

ve(z) = cosfv, (x) + sinf v,(z)

vy(zr) = —sinfv (z) + cosbv,(x)

v,, v, are fields with definite masses.
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Neutrino mixing in Quantum Field Theory (QFT)

Mixing relations for two Dirac fields

ve(z) = cosfv, (x) + sinf v,(z)

vy(zr) = —sinfv (z) + cosbv,(x)

v,, v, are fields with definite masses.

Mixing transformations connect the two quadratic forms:
L=v,GP—m)v, +1,( J—m,)v,

and

L = V(i @—me)ve+, (0 J—mu)vy, — Mep (Ve + Vple)

with Me = my cos? 6 + my sin? 6, my, =m, sin? 0 + my cos? 6, Mey = (My —my)sin6cos 6.

M.V. Gargiulo EMFCSC



Mixing relations can be written as

vi(z) = Gy'(t) vg(e) Golt)

with the mixing generator?

Go(t) = exp [e / Px (v
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2M4B1asone and G.Vitiello, Annals Phys. (1995)

3 2
For ve, we get # vy = —vg with initial conditions
a ., d o _
Ve |6:O =V, o dgVe 0—0 Vo -
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Where v; are free Dirac field operators:

ez’k-x .
vi(@) = 3 S () o + v A7) =12

k,r \/V

Anticommutation, orthonormality and completeness relations

are the standard ones
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The vacuum |0), , is not invariant under the action of the generator
Ge(t): )
0)) e = Gy (1) [0)12
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The vacuum |0), , is not invariant under the action of the generator
Ge(t): )
0)) e = Gy (1) [0)12

Relation between [0), , and [0(t))c,,: orthogonality! (for V' — oo)

d3k 2 o2
lim |, {0]0(t))e, = lim & J G m(Imsin® 0" _ g
V—oo 7 \%

— 00

with

Vil = Y 1ol uia P#0 for my #m,
T,8
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Condensation density:

0(t))epn = sin® 0 |Vk]2

e {00 0k i 10()) ey = €0 (0) By B

vanishing for m, =m, and/or § =0 (in both cases no
mixing).
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Structure of the annihilation operators for |0(t))e,

o (t) = cosfay, | +sind (Uf(k (t) oge o +€" VA1) Bfrk,z)
af (1) = cosfaf,, — sin 6 (Uk(t) of 1€ Vic(t) ﬁﬁk,l)
Bly.e(t) =cost By ; +sinb (Uk( ) Bl 2—€ Vi(t) oy 2)

B (£) = 080 BT 1 — sin® (Ti(t) i+ Viclt) o)
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Structure of the annihilation operators for |0(t))e,

o (t) = cosfay, | +sind (Uf(k (t) oge o +€" VA1) Bfrk,z)
af (1) = cosfaf,, — sin 6 (Uk(t) of 1€ Vic(t) ﬁﬁk,l)
Bly.e(t) =cost By ; +sinb (Uk( ) Bl 2—€ Vi(t) oy 2)

B (£) = 080 BT 1 — sin® (Ti(t) i+ Viclt) o)

Mixing transformation = Rotation nested with a Bogoliubov
transformation®.

4 i - t
Une(t) = upyuly y ' R27 90D 0y 2 4 12 =1
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Neutrino oscillation formula (exact result)?:

Qe (t) = 1 — |Uk” sin®(26) sin® (% t)

Wh2 + Wk 1 t>

— |VA|? sin®(26) sin® < 5

Qk:’/u (t) = ’Uk’2 Sin2(29) sin? (w t)

W2 + Wi 1 t>

+ |Vi|? sin?(26) sin? < 5

For k> /m,m,, |Uk|2 — 1 and |Vk|2 — 0.

5M.Blasone, P.Henning and G.Vitiello, Phys. Lett. B (1999):
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Decomposition of mixing generator

Mixing generator function of my, ma, and 6.

Gg(t) = exp [G/d3x (uz(ac)u2 (z) — u;r(x)ul (z))]
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Decomposition of mixing generator

Mixing generator function of my, ma, and 6.

Gg(t) = exp [G/d3x (uI(w)u2 (z) — u;r(ac)ul (z))]

exp { > (U; "‘Q1a£,2 ="V Bl aog et Vi O‘Qlﬁﬁka + Uk 531«1511,2)
-

— 3 (Uk aplyeha W A a0t — € Vi apy BT L+ UF 80087 1) }

r
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Decomposition of mixing generator

Mixing generator function of my, ma, and 6.

Go(t)

exp [6/d3x (uI(ac)u2 (z) — u;r(ac)ul (z))]
— Z Ur vt or 7 v* ﬁr T4 W [a) ﬂr‘f 1 U ﬁr /37"1‘
exp k %,1%,2 € Vk Pok1%,2 T€ Vk 1P ko k Pk, 1P k2
I

- > (Uk aplyag s + € Vi Bl st — € Vi Q;TzﬁiTkg + Uk Hik,QBiTk,l) }

r

Our aim is to disentangle the mass dependence from the one by
the mixing angle.
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Let us defineS:

RO)= e {03 [(ofhoka + AL 1B 1) e+
k,r
(O‘k 2001 + B 28 1) Wk} }7
Bi(0;) = exp { Z Ok, € {aﬁ,iﬂikgeii@“ _ ﬂr’r ai’rl uﬁk,l} }7

Since [Bl,BQ] =0 we put B(@l, @2) = 31(61) BQ(@Q)

1 /K
Y = (Wp,1 — w,2) t); P = 2wk i b Ok,i = 5 cot —
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The B;(Oy,), i = 1,2 are ordinary Bogoliubov transformations
which introduce a mass shift, and R(0) is a rotation.
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The B;(Oy,), i = 1,2 are ordinary Bogoliubov transformations
which introduce a mass shift, and R(0) is a rotation.

Their action on the vacuum is given by:

0)12=B7(01,02)0)12 = [ [cosOui+ € sinOially87 ] 0)1.2
k,r

RN O)0)12 = [0)12-
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We find:

Gy = B(01,03) R(#) B~ 1(01,0,)

which is realized when the Oy ; are chosen as:

U = e~k cos(Ok,1 — Ok2)
(Pp,1t%Pk,2)

Vi= ez sin(Ok; — Oko)
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Then we rewrite the generator as

G(H, miy, mg) = B_l(ml, mg) R(Q) B(ml, mg)
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Then we rewrite the generator as

G(Q/ miy, mg) = B_l(ml, mg) R(Q) B(ml, mg)

Moreover,
0)e,i = G0V = |0)12 + |B(mi,ma), R1(0)|[0)12

which shows that the condensate structure of the flavor vacuum
arises as a consequence of the non vanishing commutator
[B, R71].
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In the following table we report the vacuum expectation values
of the (unordered) Hamiltonian on the various vacua obtained
by acting step-by-step with the above generators.

(Hy 1 +Hk’2> ‘ State

—(Wg,1 + wg,2) [0)1 ® [0)2 = |0)1,2 ‘

—(k+ k) B~ (m1,m2)[0)1,2 = |0)1,2 ‘
2 “Ek,1 “Ek,2 L2 —1 —1 _ —1 a

—k(2eos? 0+ (G + 52 sin® 0) RTHO)B™ (m1,m2)|0)1,2 = R™H(O)[0)1 .2 ‘

—(Wh,1 + @k2) (1 —25in® 05in®(Or 1 — Op)) | Blmi,ma)R™'(0)B~ " (m1,m2)[0)1,2 = [0)e,u |
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Plot of vacuum energies for Hy and Hgy for the different vacua given in Table for

6 =n/6, mi =20, my = 150, k = 80.
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mg = 150.

i)
Plot of vevs of Hy and Ho
0 = /4, k = 300, my = 20,
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Plot of vevs of H; and Ho for
0 = /10, k = 80, m; = 20,

mo = 150.
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Plot of vevs of Hy and Hy for
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Conclusion

m Mixing transformations are not trivial in Q.F.T. < they
are associated to inequivalent representations.
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Conclusion

m Mixing transformations are not trivial in Q.F.T. < they
are associated to inequivalent representations.

m The mixing Generator can be seen as a rotation
transformed under a Bogoliubov transformation.

m The seed of the inequivalence between the two vacua (mass
and flavor) is in the non commutativity between the
rotation and the Bogoliubov transformation
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Conclusion
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Plot of vacuum energies for H; and Hy for the different vacua given in Table for

0 =m/6, my =20, my = 150, k = 80.
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Conclusion

10012 @

i 10)es

(H;) » RB ‘\o)f}‘a_k

(Hy)
Plot of vacuum energies for H; and Hy for the different vacua given in Table for

0 =m/6, my =20, my = 150, k = 80.

work in progress : Can we consider a ”thermodynamical”
interpretation of the energies associated to the different vacua

(mass and flavour)?
EMFCSC
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Thank you
for your kind attention
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Work in progress

According to Thermal Filed Theory (TFT) a state such as
|0(¥)); = B(1)|0) can be written as

o) = eap (=5 ) 1= ean (<) 11

) =exp | Y (-1 ere?p ) 0)

with

k,r

M.V. Gargiulo EMFCSC



S, = — Z (ak o}, log sin? ¥y + Oy M og cos? ﬁk)
k,r

A similar expression holds for Sg. It is known? that S, (or Sg)
can be interpreted as the entropy function associated to the
vacuum condensate.

With
ni = (0(9)|agl g [0(9)) = sin® (V)
we have that the expectation value of the entropy operator is

Sk = (0(9)[Sa, [0(9)) = nilog(ni) + (1 — nx)log(1 — ny)

7Y. Takahashi, H. Umezawa, Int. Jour. Mod. Phy. B (1996)1755-1805
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At this point it is natural to write a formally analogue
expression for S , entropy associated to the state we obtain
after the first Bogoliubov transformation and S, entropy
associated to the last Bogoliubov transformation.

So‘k: = noklo.g(nvk) + (1 - no‘k)log(l - nak)
with
Nk = sin? @sin?(O1, — O) o =¢€, 1

being the expectation value of the number operator on the
flavor vacuum.
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We thus obtain

Sik = sin®(Oi) log(sin®(Oy1) + cos®(Ojy) log(cos® (O ))
S, = sin?fsin?(Oy), — Og)log(sin® fsin® (O — Oop)) +

+ (1 —sin?@sin?(O1), — Og) log(1 — sin® fsin?(O1, — Oay))

which means that, as we expected, the two states have different
entropies.

M.V. Gargiulo EMFCSC



Motivation

m CKM quark mixing, meson mixing, massive neutrino
mixing (and oscillations) play a crucial role in
phenomenology;

m Theoretical interest: origin of mixing in the Standard
Model,

m Bargmann superselection rule®: coherent superposition of
states with different masses is not allowed in
non-relativistic QM;

m Necessity of a QFT treatment: problems in defining Hilbert
space for mixed particles?; oscillation formulas'?;

8\/4Baurgmann7 Ann. Math. (1954); D.M.Greenberger, Phys. Rev. Lett. (2001).

9C.VV.Kim and A.Pevsner, Neutrinos in Physics and Astrophysics, (Harwood, 1993);
C.Giunti, J. Phys. G (2007).

IOM.Beuthe, Phys. Rep. (2003).
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Anticommutation, orthonormality and completeness
relations

Anticommutation relations:

@), T Wb my = 8% (x = ¥)8apdi; 5 ok ol } =18, 855} = 6% (k — @)ors6s

Orthonormality and completeness relations:
r . —iwp st o . r _ dwp it T . _ 2
uk,i(t) =€ ki Uk,i 3 ”k,i(t) = ki Vi 5 Wk, = \/ k2 + m;

rt s _ort s _ i s _ rax B rax
wug s = v = Srs s g oty =00 S (ul e ol ﬂ’_k i) =0%ap -
-

Fock space for v, v,:

Mo = {O‘I,z ’ ﬁI,z ’ ‘O>1»2}'

s

EMFCSC
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Quantum Field Theory vs. Quantum Mechanics

m Quantum Mechanics:
- finite § of degrees of freedom
- unitary equivalence of the representations of the canonical
commutation relations (von Neumann theorem).*

m Quantum Field Theory:
- infinite § of degrees of freedom.
- 0o many unitarily inequivalent representations of the field
algebra < many vacua .
- The mapping between interacting and free fields is “weak”, i.e.
representation dependent (LSZ formalism)!'. Example: theories
with spontaneous symmetry breaking.

11F.Strocclui7 Elements of Quantum Mechanics of Infinite Systems (World Scientific,1985)=
M.V. Gargiulo EMFCSC



Condensation density for mixed fermions

-Vk =0 when m, =m,

and/or 6 = 0.

- Max. at k = ,/m;m,

with Viae — % for

(my—m;)?
iy My

— OQ.

_ 2
CVA? =~ %’;@

E> /mm,.

for

EMFCSC

M.V. Gargiulo



In definitive, the flavor fields can be expanded as

((0,1) = (e,1), (1, 2)):
3
> / 3 k% O (1) + 01 (0BT, (0)] ™,

r=1,2

ﬁ

with
0 o (1) = Gy (t)og, ;Gol(t)

Bl () = G (1)BicsGo (1)-
The flavor ladder operators can be also obtained by comparing the
field expansions and using:

o) =[x @) vao)

Tl = [dxil @)

M.V. Gargiulo EMFCSC



The “favor vacuum” |0(t))c,, is a SU(2) generalized coherent
state!?:

[0)e,n = H [(1 —sin?0 \Vk|2) — " sin 6 cos O |Vi| (O‘iTlﬂiTk,z + O‘;TWBTLk,l)
k,r

+e"sin® 0 Vil |Usel (aq.ly 870y — oy 870 ) + sin® 0 Vil oty 874 arT, 870 (] 100, 5

12A. Perelomov, Generalized Coherent States and Their Applications, (Springer V., T986)
M.V. Gargiulo EMFCSC



Currents and charges for mixed fermions '3

Lagrangian in the mass basis:

L = Dm(iﬁ—Md)Vm

where v = (v,,v,) and My = ( ?781 72 )
2

13M. Blasone, P. Jizba and G. Vitiello, Phys. Lett. B (2001)
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L invariant under global U(1) with conserved charge Q)= total
charge.
Consider now the SU(2) transformation:

~

_ oy . _
v, = ey, ; j =123

with 7; = 0;/2 and o; being the Pauli matrices.

M.V. Gargiulo EMFCSC



The associated currents are:

0L = ia; Uy (1), Mgl vm = —a; O,J),

Tmg = Pm VT Vm
The charges Qnm,;(t) = [ d3x JO (), satisfy the su(2) algebra:

(Qm,j(t), Qm k()] = i€jr Qma(t) -

M.V. Gargiulo EMFCSC



— The Casimir operator is proportional to the total charge:

1
Qm,3 is conserved = charge conserved separately for v, and
U

-

Q1 = %Q + Qm3 = /d3x I/I(m) vi(x)

Q2 = %Q — Qm3 = /d3x 1/;(35) vo(x).

These are the flavor charges in the absence of mixing.

M.V. Gargiulo EMFCSC



The currents in the flavor basis

Lagrangian in the flavor basis:

L = Df(i@—M)Vf

T _ me meu
where v} = (ve,v,) and M = ( me, m, )
Consider the SU(2) transformation:

Vi = €Ty ; j =1,2,3.

with 7; = 0;/2 and 0; being the Pauli matrices.
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The charges Qy; = [ d3x J})y ; satisty the su(2) algebra:

[Qri(1), Q)] = i€jr Qra(t).

0.2cm
The Casimir operator is proportional to the total charge
Cy =Cp = %Q.

M.V. Gargiulo EMFCSC



e (Qr3 is not conserved = exchange of charge between v, and v,.
Define the flavor charges as:

1

Qut) = ~Q+ Quslt) = / @ v} () ve ()

2

Qi) = 5@ - Qual®) = [Exf@)n

whereQ.(t) + Qu(t) = Q.

M.V. Gargiulo EMFCSC



We have:

Qc(t) = cos’0Qi +sin?0Qo+sinfcos | d®x I/TVQ + yTz/l
1 2

Qu(t) = sin? 6 Q1 + cos?0 Qo — sin9cos¢9/d3x [l/irl/g + l/gyl}

M.V. Gargiulo EMFCSC



In conclusion:
— In presence of mixing, neutrino flavor charges are defined as

Q.(t) = /d3x vi@)ve(z) Qut) = /d3x 1/;5(3:) vu()

— They are not conserved charges = flavor oscillations.

— They are still (approximately) conserved in the vertex =
define flavor neutrinos as their eigenstates

e Problem: find the eigenstates of the above charges.

M.V. Gargiulo EMFCSC



The flavor charge operators are diagonal in the flavor ladder operators:

Q) = /dgx s vi(2) v () =

= Z/d‘”’ 03, (Do (1) = Bl (04, (0) . o =cop
Here : ... = denotes normal ordering with respect to the flavor
vacuum:

tAz= A — ., (0[A|0),,
e Define flavor neutrino states with definite momentum and helicity:
Vo) = 015 (0)[0)e.s
— Such states are eigenstates of the flavor charges (at t=0):
@y, |Vf;a> = |1/1’;U>

M.V. Gargiulo EMFCSC



— We have, for an electron neutrino state:

Qe () = Wigel = Qu, (1) = i)

= Horo®.0r. @} + [{#h 0.0 0}

M.V. Gargiulo EMFCSC



Neutrino oscillation formula (exact result)

14,
Ok, (t) =1 — |Uk|2 Sin2(29) sin? (—wk’z ;wk’l t> — |Vk\2 Sin2(29) sin® (wk’2 ;— Wk,
Qi (1) = [Ui[? sin(26) sin? (w t) + | Vie|? 5in2(20) sin? (”’“2‘;”’“

- For k> /m,m,, |Uk|2 — 1 and |Vk|2 — 0.

Y M.Blasone, P.Henning and G.Vitiello, Phys. Lett. B+(1999).
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